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Abstract 

A problem of MAC polar codes which are based on MAC polarization is that they do not always achieve the 
entire capacity region. The reason behind this problem is that MAC polarization sometimes induces a loss in the 
capacity region. This paper provides a single letter necessary and sufficient condition which characterizes all the 
MACs that do not lose any part of their capacity region by polarization. 


I. Introduction 

Polar coding is a low complexity coding technique invented by Arikan whieh aehieves the eapaeity of 

symmetrie binary input ehannels lUl. The probability of error of polar eodes was shown to be o{2~^^ ) 
where N is the bloek length [13. The polar eoding eonstruetion of Ankan transforms a set of identieal 
and independent ehannels to a set of “almost perfeet” or “almost useless ehannels”. This phenomenon is 
ealled polarization. 

Polarizing transformations ean also be eonstrueted for non-binary input ehannels. §a§oglu et al. If3l 
generalized Arikan’s results to ehannels where the input alphabet size is prime. Park and Barg 0 showed 
that if the size of the input alphabet is of the form T' with r > 1, then using the algebraie strueture 
Z 2 r in the polarizing transformation leads to a multilevel polarization phenomenon: while we do not 
always have polarization to “almost perfeet” or “almost useless” ehannels, we always have polarization 
to ehannels whieh are easy to use for eommunieation. Multilevel polarization ean be used to eonstruet 
eapaeity aehieving polar eodes. 

Sahebi and Pradhan 0 showed that multilevel polarization also happens if any Abelian group operation 
on the input alphabet is used. This allows the eonstruetion of polar eodes for arbitrary diserete memoryless 
ehannels (DMC) sinee any alphabet ean be endowed with an Abelian group strueture. Polar eodes for 
arbitrary DMCs were also eonstrueted by §a§oglu 0 by using a speeial quasigroup operation that ensures 
two-level polarization. The authors showed in ||71 that all quasigroup operations are polarizing (in the 
general multilevel sense) and ean be used to eonstruet eapaeity-aehieving polar eodes for arbitrary DMCs 

Hi. 

In the eontext of multiple aeeess ehannels (MAC), §a§oglu et al. showed that if kk is a 2-user MAC 
where the two users have ¥g as input alphabet, then using the addition modulo q for the two users leads to 
a MAC polarization phenomenon ||3. Abbe and Telatar showed that for binary input MACs with m >2 
users, using the XOR operation for eaeh user is MAC-polarizing llTOll . A problem of the MAC polar eode 
eonstruetion in [|9l and IfTOll is that they do not always aehieve the entire eapaeity region. The reason 
behind this problem is that MAC polarization sometimes induees a loss in the eapaeity region. 

A eharaeterization of all the polarizing transformations that are based on binary operations — in both 
the single-user and the multiple aeeess settings — ean be found in |[T4l and IfTSlI . Abelian group operations 
are a speeial ease of the eharaeterization in IfTSl . Therefore, using Abelian group operations for all users 
is MAC-polarizing. 

This paper provides a neeessary and suffieient eondition whieh eharaeterizes all the MACs that do not 
lose any part of their eapaeity region by polarization. The eharaeterization that we provide works in the 
general setting where we have an arbitrary number of users and eaeh user uses an arbitrary Abelian group 
operation on his input alphabet. 

We will show that the reason why a given MAC W loses parts of its eapaeity region by polarization is 
beeause its transition probabilities are not “aligned”, whieh makes W “ineompatible” with polarization. The 
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“alignment” condition will be expressed in terms of the Fourier transforms of the transition probabilities of 
W. The use of Fourier analysis in our study should not come as a surprise since the transition probabilities 
of IV~ can be expressed as a convolution of the transition probabilities of W. This is what makes Fourier 
analysis useful for our study because it turns convolutions into multiplications, which are much easier to 
handle. 

Note that there are alternate polar coding solutions which can achieve the entire capacity region without 
any loss. These techniques, which are not based on MAC polarization, are hybrid schemes combining 
single user channel polarization with other techniques. In [0, §a§oglu et al. used the “rate splitting/onion 
peeling” scheme of W2\ and [|T3]I to transform any point on the dominant face of an m-user MAC into a 
comer point of a (2m — l)-user MAC and then applied single user channel polarization to achieve this 
comer point. In [fTTll . Arikan used monotone chain rules to constmct polar codes for the Slepian-Wolf 
problem, but the same technique can be used to achieve the entire capacity region of a MAC. 

Although the alternate solutions of (Hi and IfTTl can achieve the entire capacity region, they are more 
complicated than MAC polar codes (those that are based on MAC polarization). The alternate solution 
in (Hi requires more encoding and decoding complexity because it adds m — 1 virtual users. Arikan’s 
solution lim does not add significant encoding and decoding complexity, but the code design is much 
more complicated than that of MAC polar codes. So if we are given a MAC W whose capacity region is 
preserved by polarization (i.e., MAC polar codes can achieve the entire capacity region of this MAC), then 
using MAC polar codes for this MAC is preferable to the alternate solutions. One practical implication 
of this study is that it allows a code designer to determine whether he can use the preferable MAC polar 
codes to achieve the capacity region. 

In section II, we introduce the preliminaries of this paper: we describe the MAC polarization process 
and explain the discrete Fourier transforms on Abelian groups. In section III, we characterize the two-user 
MACs whose capacity regions are preserved by polarization. Section IV generalizes the results of section 
IV to MACs with arbitrary number of users. 

II. Preliminaries 

Throughout this paper, Gi,... ,Gm are finite Abelian groups. We will use the addition symbol + to 
denote the group operations of Gi,..., G^- 

A. Polarization 

Notation 1. Let W : Gi x ... x Gm —^ Z be an m-user MAC. We write (Xi,..., Xm) Z to denote 
the following: 

• Xi,..., Xm are independent random variables uniformly distributed in Gi,..., Gm respectively. 

• Z is the output of the MAC W when Xi,..., Xm are the inputs. 

Notation 2. Fix S' C {1,..., m} and to S' = {A,..., *| 5 |}. Define Gs as 

Gs ■= Gi = Gj^ X ... X Gj|g| . 

ies 

For every (xi,..., Xm) G Gi x ... x Gm, we write xs to denote ..., Xj|^|). 

Notation 3. Let W : Gi x ... x Gm —> Z and (Xi,..., Xm) Z. For every S C m}, we 

write IsiW) denote I{Xs] ZXs^). If S = {i}, we denote /{j}(IF) by hiW). 

nw) - I{i,...,m}{^) = • • • iXm] Z) is called the symmetric sum-capacity ofW. 

Definition 1. The symmetric capacity region of an m-user MAC IF ; Gi x ... x Gm —^ Z is given by: 
J{W) = |(to, ...,Rm)eR^-.VSc{f..., m}, to < Is{W)y 

ieS 
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Notation 4 . {-,+}* ;= U {-,+}” where = {0}. 


n>0 


Definition 2 . Let W : Gi x ... x Gm —> Z. We define the m-user MACs W : Gi x ... x Gm —> Z'^ 
andW+ :GiX ...xG^^ Z"^ xGiX ...xGn, as follows: 

W~{Zi,Z2\Uii,. . . ,Uim) = ^ 1^ I ^1^ ^ W{Zi\Un+U21,...,Uim+U2m) 


U21 GGi 

'^ 2 m^G m 




and 


W (^ 1 ; ^ 2 ) ^ 11 ) • • • 1 • • • 1 U2m) 




X W{Z2\U21, . . .,U2m), 
-W{Zi\Uii + U 21 , . . .,Uim + U 2 m) 


X W{Z2\U21, . . .,U2m)- 


For every s G { —, +}*, we define the MAC as follows: 

W"* := 


W if s = 0, 

(... ...)"» if.s = (si,..., s„). 

V 

Remark 1 . Let and be two independent random variables uniformly distributed in GiX ... x Gm - 
Let + U [^ and X '{^ = U [^. Let { X ^,. ■ ■, Xm ) ^ Z and {Xf . ■ ■, X'J ^ Z '. We have : 

. I ( W ) = I ( X ^; Z ) = Z '). 

, I { W -) = ZZ ') and I { W +) = HfJ ' f ^] ZZ ’ Uf ^). 

Hence , 


2 I{W) = /(X™; Z) + I{X[^; Z') = ZZ') = ZZ') 

= I{Uf- ZZ') + I{U'f- ZZ'Uf) = I{W-) + I{W^). 


Therefore, the symmetric sum-capacity is preserved by polarization. On the other hand. Is might not be 
preserved i/ S' C { 1 ,..., m}. 

For example, consider the two-user MAC case. Let W ■. Gi x G2 —> Z. Let {Ui, Vf) and {U2, V2) be 
two independent random pairs uniformly distributed in Gi x G2. Let Xi = Lfi + U2, X2 = U2, Yi = V1 + V2 
and Y2 = V2. Let (Xi, Yi) ^ Zi and (X2, X2) ^ ^2. Wfe have: 

. IfiW-) = I{Up, ZiZ2Vi) and h{W+) = /(t/a; Z^Z2U^^iV2). 

. hiW-) = liVi-Z,Z2Uf and biW^) = I{V2] Z^Z2U,V,U2). 

On the other hand, we have: 

. h{W) = /(Xi; ZiXi) = /(X2; Z2Y2). 

. hiW) = I{Yp, ZiXi) = /(X2; ^2X2). 

Therefore, 


2 IfiW) = /(Xi; Z,Y,) + J(X 2 ; Z2X2) = /(X1X2; Z1Z2X1X2) = /(^it/2; ^1^2^1^2) 

= I{Ui, Z,Z 2 V,V 2 ) + /(t/2; ZiZ 2 V,V 2 Uf > I{Up, Z^Z 2 Vf + /(t/2; ZiZ 2 V,V 2 U,) ( 1 ) 

= h{w-) + ifiw+), 


2 l 2 {W) = /(Xi; Z,Xi) + HY2; Z2X2) = /(X1X2; X1Z2X1X2) = /(X1X2; Z,Z 2 U,U 2 ) 

= /(Xi; Z1Z2X1X2) + /(X; Z1Z2X1X2X1) > /(X; Z1Z2X1) + /(X; Z1Z2X1X2X1) 
= / 2 (lX-) + / 2 (lX+). 



3 


By induction on n > 0, we can show that: 

i ^ h(\V‘)<h(\V), ( 2 ) 

1 h(W‘)<h(W), (3) 

se{-,+}" 

i 5^ nw‘) = nw). (4) 

sG{-,+}'* 

While dH) shows that polarization preserves the symmetric sum-capacity, @ and ([3]) show that polarization 
may result into a loss in the capacity region. 

Similarly, for the m-user case, we have 

f Is(W)<!s(lV),VSC{l,...,m}. 

se{-,+}" 

Definition 3 . Let S C ,m}. We say that polarization ^-preserves Is for W if for all n > 0 we 

have: 

- Y. Is{W) = h{W). 

sG{-, + }" 

If polarization ^-preserves Is for every S C m}, we say that polarization ^-preserves the 

symmetric capacity region for W. 

Remark 2 . If polarization ^-preserves the symmetric capacity region for W, then the entire symmetric 
capacity region can be achieved by polar codes. 

Section III provides a characterization of two-user MACs whose Ji are ^-preserved by polarization. 
Section IV generalizes the results of section III and provides a characterization of m-user MACs whose 
Is are ^-preserved by polarization, where S C {1,..., m}. This yields a complete characterization of the 
MACs with =t:-preservable symmetric capacity regions. 


B. Discrete Fourier Transform on finite Abelian Groups 

A tool that we are going to need for the analysis of the polarization process is the discrete Fourier 
transform (DFT) on finite Abelian groups. The DFT on finite Abelian groups can be defined based on 
the usual multidimensional DFT. 


Definition 4. (Multidimensional DFT) The m-dimensional discrete Fourier transform of a mapping f : 
X ... X C is the mapping f : Z^Vi x ... x —>■ C defined as: 


f{Xi,...,Xm) = fiXi,...,Xm) 


_ ,• _ . 2nxm^m 

Q J ■■■ J Nm 


Notation 5. For x = {xi,..., Xm) G x ... x and x = (fi,..., Xm) G '^Ni x ... x Zat^, define 
{x, a;) G M as: 

, ^ V XiXi XmXm 

Using this notation, the DFT has a compact formula: 

f(i) = 
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It is known that every finite Abelian group is isomorphic to the direct product of cyclic groups, i.e., if 
{G, +) is a finite Abelian group then there exist m integers A^i,..., Nm > 0 such that G is isomorphic to 
Ztvi X ... X Ztv™- This allows us to define a DFT on G using the multidimensional DFT on Zat^ x . . . x : 

Definition 5. Let (G,+) be a finite Abelian group which is isomorphic to Ztvi x ... x Ztv^. Fix an 
isomorphism between G and Zat^ x ... x Zat^. The discrete Fourier transform of a mapping / : G —)■ C 
is the mapping / : G — )■ C defined as: 

x£G 

where {x,x) is computed by identifying x and x with their respective images in x ... x by the 
fixed isomorphism. 


In the rest of this section, we recall well known properties of DFT. 
Proposition 1. The inverse DFT is given by the following formula: 

1 


' ' x&G 


x]e 


j2-K{x,x) 


where {x,x) is computed by identifying x and x with their respective images in x ... xby the 
fixed isomorphism. 


Remark 3. The DFT on G as defined in this paper depends on the fixed isomorphism between G and 
X ... xIjjs!^. If the DFT is computed using a fixed isomorphism, the inverse DFT must be computed 
using the same isomorphism in order to have consistent computations. 

Note that it is possible to define the DFT on finite Abelian groups in a canonical way without the need 
to fix any isomorphism, but this requires the character theory of finite Abelian groups. 

Definition 6. The convolution of two mappings / : G —)■ C and g : G ^ C is the mapping f * g : G ^ C 
defined as: 

if * 9){x) = f{x')g{x - x'). 

x'aG 


VFe will sometimes write f{x) * g(x) to denote (/ * g){x). 

Proposition 2. Let / : G ^ C and g : G ^ C be two mappings. We have: 

• (/^)(£) = f{x)g{x). 

• if ■9){x) = -^Y*g)ix). 

• If fa ■ G ^ C is defined as faix) = f{x — a), then faix) = f{x)e~F'^^^’°'\ 

• If f -. G ^ C is defined as f{x) = f{—x), then f{x) = fix)*. 


C. Useful notation 

This subsection introduces useful notation that will be used throughout this paper. The usefulness of 
this notation will be clear later. We added this subsection so that the reader can refer to it anytime. 

Let VF : Gi X G 2 —)■ Z and let (X, Y) Z. Define the following: 

. YZ(IL) := {{y,z) eG^xZ: Py,z(|/,;^) > 0}. 

. For every (y, z) e YZ(IL), define Py^^^w ■ Gi [0,1] as Py^z^wix) = "Fx\Y,zix\y, z). 

For every z E Z, define: 

. Y\W) = {yeG 2 -. Py,z(|/G) > 0}. 

. AY^(IL) := {yi-y2-. e Y^(IL)}. 
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. x'(iy) := {x e Gi : 32/ G Y^{W),Py,,M£) ^ Oj. 

. B^{W) := X\W) X AY^(Vr) = {{x,y) : x G X (lY), y G AY"(1Y)}. 
Now define: 

. XZ(fY) := {{x,z) : z G Z, f G t\W)}, 

, D(fY) := IJ D"(fY). 

zGZ 


D. Pseudo quadratic functions 

Definition 7. Let D C Gi x G 2 . Define the following sets: 

• Hi{D) = {x : 3y, {x,y) G D}. 

• For every x G i/i(-D), let H^iD) = {y : {x,y) G D}. 

• H 2 {D) = {y : 3x, {x,y) G D}. 

• For every y G H 2 {D), let H\{D) = {x : {x,y) G D}. 

We say that D is a pseudo quadratic domain if: 

• Hf{D) is a subgroup of Gi for every y G H 2 {D). 

• H^^D) is a subgroup of G 2 for every x G HfiD). 

Definition 8. Let D <Z Gi X G 2 and let F : D T be a mapping from D to T = {cu G C : |a;| = 1}. 
We say that F is a pseudo quadratic function if: 

• D is a pseudo quadratic domain. 

• For every y G H 2 {D), the mapping x —)■ F{x,y) is a group homomorphism from [Hf{D),+) to 

(T, •)• 

• For every x G HfiD), the mapping y —)■ F{x,y) is a group homomorphism from (if 2 (-D))+) 

(T,-)- 

Definition 9. We say that W ■. Gi x G 2 —)■ Z is polarization compatible with respect to the first user if 
there exists a pseudo quadratic function F : D T such that: 

. D(fY) C D C Gi X G2. 

• For every {x,z) G XZ(IY) and every 2 / 1 , 2/2 G Y^{W), we have Pyi,z{x) = F{x,yi — 2 / 2 ) ■ Py 2 ,z{x)- 


III. Two-user MACS with ^-preserved h 

In this section, we only consider two-user MACs lY : Gi x G 2 —> Z, where Gi and G 2 are finite 
Abelian groups. 

The following theorem is the main result of this paper: 

Theorem 1 . polarization ^-preserves G for W if and only if W is polarization compatible with respect 
to the first user. 

Theorem [T] has the following implications: 

• (Proposition | 7 ]) If Gi = G2 = ¥g for a prime q and (Y, Y) Z, then polarization ^-preserves G 
for W if and only if there exists a G Fg such that I{X + oY]Y\Z) = 0. 

• (Corollary [3]) Polarization ^-preserves the symmetric capacity region for the binary adder channel. 

• (Proposition [8]) If |Gi| and IG2I are co-prime and {X, Y) Z, then polarization ^-preserves G for 
W if and only if /(X; Y|Z) = 0 (i.e., if and only if the dominant face of J{W) is a single point). 

The rest of this section is dedicated to prove Theorem [TJ 
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A. Preserved and * Preserved 

Definition 10. Let W : Gi x (^2 —> Z. We say that Ii is preserved/or W if and only if Ii{W~) + 
IiiW^) = 2Ii{W). We say that Ii is preserved/or W if and only if Ii is preserved for for every 
n > 0, where [n]“ G { — , +}” is the sequence containing n minus signs (e.g., [0]“ = 0, [2]“ = (—, —)). 

Lemma 1. Polarization ^-preserves hfor W if and only if Ii is preserved for for every s G , +}*. 
Similarly, polarization *-preserves hfor W if and only if Ii is preserved for for every s G , +}*. 

Proof: Polarization ^-preserves Ii for W if and only if 
Vn>0, = / 5: h{W‘) « Vn>0. / /,(»'■) = ^ 

se{-,+}’* sg{-,+}" s'g{-,+}'*+! 

^ Vn>0, ^ 2/i(iy") = ^ + h{W^^’+^)) 

se{-,+}'* se{-,+}'* 

^ Vn > 0, - /i(iy(*’+))) = 0. 

sG{-,+r 

But sinee 2Ii(W^) — > 0 (see dB), we eonelude that polarization *-preserves 

1 1 for W if and only if Vn > 0,Vs G {-,+}”, = 2/i(iy^). In other words, 

polarization ^-preserves Ji for W if and only if Ji is preserved for IP® for every s G { —, -l}*. Moreover, 
we have 

Vs G { —, -l}*, h is preserved for IP® Vs G { —, +}*, Vn > 0, h is preserved for Ip(®’M ^ 

Vs G { —, P}*, Ji is preserved for IP®. 


B. Necessary condition 

In the rest of this seetion, we eonsider a fixed two-user MAC IP : Gi x 6*2 —^ Z. For the sake of 
simplieity, we write Py,z{x) to denote Py^z,w{x). 

Aeeording to dB, h is preserved for IP if and only if /(Pi; V2\ZiZ2Vi) = 0 , whieh means that for every 

2 ;i,2;2 e Z and every vi,V2 G G2, if Pv2,Zi,Z2yi(^^2, P, 2^2, ^i) > 0 then ^Ui\v2,z^,Z2,vA'^i\v2, Zi, Z2,Vi) does 
not depend on V2. 

In order to study this eondition, we should keep traek of the values of zi, Z2 & Z and vi,V2 G G2 for 
whieh Pv 2 ,Xi,X 2 ,Vi(' 1'25 ^2,'i^i) > 0 . But Pv 2 ,Zi,Z 2 ,Vi('i ^25 P, ^2,'i^i) = + ^2, Zi)Fy2,Z2{v2, Z2), so 

it is suffleient to keep traek of the pairs {y, z) e G2 x Z satisfying Py^^(|/, z) > 0 . This is where YZ(IP) 
and {Y^(IP) : z ^ Z} beeome useful. 

The following lemma gives a eharaeterization of two user MACs with preserved Ji in terms of the 
Fourier transform of the distributions 2. 

Lemma 2 . Ii is preserved for IP if and only if for every 2/1, P2, p/ 2/2 ^ ^2 and every Z\,Z2^ Z satisfying 
• yi-y2 = y'i- 2 / 2 . 

. 2/1,2/; e Y^HW") and 2/2,2/; e Y^^(IP), 

we have 

Pyi,zi{x) ■Py2,z2{xy ■Py'^,z2{xy, Vx G Gi- 

Proof: Let Pi, P2, Pi, P2, Yi, X2, Yi, Y2,-Z^i,-^2 be as in Remark [B We know that P is preserved 
for IP if and only if J(Pi; P2IZ1Z2P1) = 0 , whieh is equivalent to say that Pi is independent of P2 
eonditionally on (Zi, Z2, Pi). 
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In other words, for any fixed (zi, Z2, ni) e Z x Z x G2 satisfying ^2, > 0, if V2, V2 G G2 

satisfy Fv2\ZuZ2,Vi{v2\zi, Z2,vi) > 0 and Fv2\Zi,Z2,Vi{v2\zi, Z2,vi) > 0, then we have 

Vmi G Gi, Fu^\V 2 ,Zi,Z 2 ,Vi{'^i\'^ 2 , Zi, Z 2 ,Vi) = Fu-^\V 2 ,Zi,Z 2 yi{'^lW 2 y ^iG 2 ,Vi), 

This eondition is equivalent to say that for every 2:1,2:2 ^ Z and every vi,V2,V2 G G2 satisfying 

IPzi,Z2,11^2(2:1, Z2,VI + V2,V2) > Q and Fz^,z2yi,Y2i.^i^ 2:2, ^^2) > 0 we have 

Vmi G Gi, Pxi-X2|Zi,Z2,Vi,V2('*^iki) ^2,+ 1^2, '^2) = Pxi-X2|Zi,Z2,yi,V2('*^iki, 2:2, Vi + U2, n^)- 

By denoting V1+V2, V2, Vi+v'2 and v'2 as 7/1,7/2, v'l and 7/2 respeetively (so that 7/1—7/2 = y'i—y2 = ^i), we ean 
deduee that Ji is preserved for W if and only if for every 2/1, 7/2,1/1,1/2 G G2 and every 2:1, 2:2 G Z satisfying 
1/1 -1/2 = y'l -1/1, Pzi,Z2,yiT2(2:i,2:2,l/i,l/2) > 0 and Pzi,z2,yi,y2(2;i, 2:2, i/l, i/l) > 0 (i.e., yi,y[ G Y^^ {W) 
and 1/2,1/1 G Y^^(W)), we have 

Vmi g Gi, Pxi-X2|Zi,Z2,yi,V2('Wiki, ^2,1/1,1/2) = Pxi-X2|Zi,Z2,yi,V2('?^iki, ^2,1/1,1/1)- 
On the other hand, we have: 

Pxi-X2|Zi,Z2,yi,y2('Wiki, 2:2,1/1,1/2) = ^ Pxi|Zi,yi(Mi + ^2^1, l/i)Px2|Z2,V2('^2|2:2,1/2) 

U2 £Gi 

— ^ ^ Pyi,zi{ui Y U2)Py2,z2{'^2) = {Pyi,zi * Py2,Z2){'^l) i 

U2SG1 

where ^2(0;) = Pj;2,^2(-a^)- Similarly Pxi-X2|Zi,Z2.Vi,y2(«iki, 2:2,1/1,1/1) = {Py[,zi*Py'2,z2){ui). Therefore, 
for every ui G Gi, we have 

{Pyi,zi * Py2,z2){'^l) — {Py[,zi * 5 

whieh is equivalent to Py^,zAui) ■ Py2,z2{ui)* = Py[,zi{ui) ■ Py'^,z2{ui)* for every ui G Gy ■ 


Lemma[2]charaeterizes the MACs W for whieh Ji is preserved. In the next few lemmas we eharaeterize 
the MACs for whieh Ji is preserved. 

Lemma 3. Suppose that G is preserved for W. Fix n > 0 and let {Ui, Vl)o<j< 2 " sequence of 
random pairs which are independent and uniformly distributed in Gi x G 2 . Let 


^2 "—1 p®r. 


Define Xq 
have the following: 

. The MAC (Go, Vq) 

. /(Go;Cf-'|Z2"-Vo) = 0. 


• U^”-^ and 


• Vq \ and for each 0 < i < 2^ let (Xj, Yf) 


w 


Z. We 


Zg" ^ is equivalent to 


Proof: We will show the lemma by induetion on n > 0. For n = 1, the elaim follows from Remark 
[Hand from the faet that G is preserved for W if and only if I{Uq] Vi\ZqZiVq) = 0 (see O). 


Now let n > 1 and suppose that the elaim is true forn —1. Let N = 2^ ^ We have Xg" ^ ^ 


and Yf-^ = F®^‘ 


*^0 


i.e., Xg2^-^ = F^^' 


•G 


2Af-l 
0 


and Yr 


2N-1 
0 


= F®"- ■ Vr 


2N-1 


X, 


N-1 

0 


= ^ and X^^"^ = • G^^“\ 




N 
2N-1 


) and Y^^-^ = • Vj 


This means that (Gd^ ^ Gg'' ^ + G 

of the induetion hypothesis. Therefore, 


r2Af-l 


rN-1 


2N-1 
N I 


7N-1\ 


2N-1 
N 

and 


0 


72 Af-y 

) 


Therefore, we have: 


satisfy the eonditions 


I{Uo + Un]V^-^ + Vj 


7'27V—1 I ryN—l 


, Vo + Viv) — 0. 




. I{Un]V^Ii^\ZI^-\Vn) = Q. 

Moreover, sinee {Uq~^ + ^o~^) is independent of Z‘^~^), we 

ean eombine the above two equations to get: 


nUo + Um, Un; + V^^-\ Vj 


r2N-l ■ir2N-l\ry2N-l 


^0 


Vq + Viv, Viv) — 0, 


whieh ean be rewritten as 

I{UoUn; V,^-^V^^^^\Z^^-^VoVn) = 0 . ( 5 ) 


On the other hand, it also follows from the induetion hypothesis that: 

is equivalent to 


The MAC {Uq + [/at, Vq + Vn) —r 
The MAC (f/jv, C; 


N 


72N-1 

-‘N 


is equivalent to PCi 


n—1] 


This implies that the MAC {Uo,Vo 


72N-1 
■‘0 


W, Ji must be preserved for . Therefore, 


is equivalent to . Now sinee h is * preserved for 






( 6 ) 


where (a) follows from ([T]). We eonelude that: 


l{Uo;V{ 


2N-l \ vSiV-l 


= I{Uo-, Vm\Z^^-^Vo) + I{Uo-, V‘ 


N—l-\r2N—l \ r72N—l-\r t/ 

Vn^i 1^0 


72N-Ur\ , T/TT TT . -f rN-U r2N-1\ r72N-U r f r ^ W 


< J(f/o; Vn\Z^o + I{UoUn] 


0 VN 
2N-1 


N+1 


-‘O 


VoVn) = 0, 


where (b) follows from dS]) and ®. ■ 

2"-l 

Lemma 4. For every n > 0, if Xl"-^ = then Uq = E (—1)1*1'’Xj, where |i|fc is the number 

j=0 

of ones in the binary expansion of i. 

Proof: We will show the lemma by induetion on n > 0. For n = 1, the faet that Xq = F'^^-Uq = F-U^ 

1 

implies that Xq = Uq + Ui and Xi = Ui. Therefore Uq = Xq — Xi = ^(—l)l*l'’Xi. 

i=0 

Now let n > 1 and suppose that the elaim is true for n — 1. Let X = 2** The faet that Xq^ ^ = 
F®n . implies that: 

. Xq^-^ = • (U^-^ + Ul^-^). 

. X^^-^ = • Ul^-^. 

We ean apply the induetion hypothesis to get: 

N-l 

. f/o + t/^ = 5^(-l)l*l''X,. 

i=0 

7V-1 

i=0 


N-l N-l N-l N-l 

Uq = 5^(-l)l*l'’X, - 5^(-l)l*l''X,+Ar = 5^(-l)l*l''X, + 5^(-l)l+l*l'’Xi+Ar 
2 = 0 2=0 2 = 0 2=0 
N-l 2N-1 N-l 2N-1 

= ^(-l)l*l'’X, + ^ (-l)^+l*-'^l'’Xi ^(-1)I*I^X, + ^ (-1)I*I'’X, 

2=0 i=N 2=0 i=N 

2N-1 

i=0 


Therefore, 
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where (a) follows from the faet that for 2"^ = iV < i < 2N = we have \i — iV|b = \i — 2’^|fe = |i|fe — 1. 


Lemma 5. If Ii is * preserved for W, then for every n > 0, every |/i,..., y 2 n,y'i ,..., y 2 n G G 2 and 
every zi,..., Z 2 r^ E Z satisfying 
2 " 2 " 

• y~ie (W),..., ?/2n e (fT), anJ 
w /lave 

WhuzA^) = YlPy'i,zA^)^ V£ e Gi. 

i=l 

Proof: Fix x G Gf. If Py^z{x) = 0 for every (^, z) G YZ(IF), then we clearly have 

2n 2X 

WPvuzA^) = WPy[,zA^)- 

i=l i=l 


Therefore, we ean assume without loss of generality that there exists {y^z) G YZ(iy) whieh satisfies 

Py,z{^) A 0 - 

Let and be as in Lemma [3] and let Y = 2”+^ so that we 

have 


/(f/o;V'^-'|Zo^-Vo) = 0 . 

Sinee and Yg^"^ = • Yg^“\ Lemma H implies that 

N-\ N-\ 

Uo = and Yo = 


( 7 ) 


( 8 ) 


i=0 


i=0 


Notiee that | {O < z < Y = 2**+^ : |z|b = 0 mod 2}| = |{0<z<Y = 2”'+^ : \i\b = 1 mod 2} | = 2”'. 
Let ki,..., k 2 -n be the elements of {O < z < Y : |z|b = 0 mod 2} and let /i,..., be the elements of 
{O < z < Y : |z|b = 1 mod 2}. 

Define y', Zi)o<i<N as follows: 

• For every 1 < z < 2”, let = yi, y’j^. = y[ and 5^. = Zi (where z/*, z/', Zi are given in the hypothesis 
of the lemma). 

• For every 1 < z < 2"^, let yi. = y[. = y and Zl^ = z (where {y,z) is any fixed pair in YZ(fF) 
satisfying Py,z{x) Q). 

Now let • y^-^ and = (F®(^+i))-i • y'^-^. We have 


~ H 
Vo = 


N-l 


= ^(yk, - vu) = 


i=0 
2" 


2=1 


on 

. 2=1 
N-l 


ry 


z^yij - 2"?/ = - y'k) = - ^0’ 


. 2=1 


2=1 


2=0 


2n 2^ 

where (a) and (e) follow from Lemma HI (b) follows from the faet that y^z/j = y^z/'. Therefore, 

2=1 2=1 


(vo,z^ A = (x'o,^^ ^)- 


( 9 ) 
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On the other hand, sinee yi G Y^^{W) for every 0 < i < A^, we have 

'^1 ’^0 ) ~ 

Similarly, sinee yl G Y^'^{W) for every 0 < i < A^, we have 


-"0 ) ^0 
-Al-l ~Al-l^ 


( 10 ) 


^”^0’'^1 ’^0 ) ~ 

= Pv^iV-l r^N-l 
^0 >^0 


iN-l ~Al-l^ 
0 1^0 ) 

{yr\zr^ 


)> 0 . 


( 11 ) 


([7]) implies that eonditionally on (Vq, Zq ^), Uq is independent of ^-(191), (fTOl) and (fTTl) now imply 
that for every uq G Gi, we have: 


(«) 


'^Uo\V^~^ i^OiZq ) = ^P;7o|Vj^-i,yo,z^-i('*^o|ili i^Oi^o ) 

’^0 ) ~ ’^0 ) 

^;7o|Vo^“hz^“^('*^o|^0 ) ^0 ) ~ ^Uo\Y^~^,ZQ~'^('’^o\yo y^O ) 

N-l N-1 

Yl Yl^Xi\YiM^i\yiy^i) = Y W^Xi\YuzAXi\y'iyZi) 

x^-^&GY- *=° x^-^eGf: *=0 

2" N 

YlPyi,zi{xi) JJ Py,, 


E 

xfeGf: *=i 

Yi=l ^i~Yi=2'’^ + l ^i—'^O 


[Xi 


i=2"+l 


N 


E n Py'i,zi{^i) n PyA^i)^ (12) 


X 2 t O’ . 

Yi=\ ^i~Yi=2'^ + l 


i=l 


i=2'^ + l 


where (a) follows from ([8]) and (b) follows from the following ehange of variables: 

Xki if 1 < * < 2", 


Xi = 


Xl^_2n 


if2^<i< 2^+1 = N. 


Now notiee that the left hand side of (fT2l) is the eonvolution of {Pyi,zi)i<i< 2 ’^ with 2"^ eopies of 
(where py^z{x) = Py^z{—x)). Likewise, the right hand side of (fT2l) is the eonvolution of {Py'.,zi)i<i< 2 ^ with 
2” eopies of Py^z- By applying the DFT on (fT2l) . we get: 


N 


N 


WPy.Aui) n hAuiT = WPy[,zAui) n Vmi G Gi. 


2 = 1 


2=2^+1 


2=1 


2 = 2 ^ + 1 


In partieular. 


2" 


N 


2" N 

■[,zA^) n 

i=l i=2"+l 


Wpy.A^) n h,z{xy=wpy'^,zXx) n Py^ 

i=l i=2"+l 

Now sinee Py,z{x) ^ 0, we eonelude that 

2n 2^ 

WPy^Ax) = \{py 


2=1 


2=1 
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Lemma 6 . If Ii is * preserved for W then for every (x,z) E XZ(iy), we have: 

. Py,,{x)^i]forallyEY^{W). 

• £ T for every y, y' E Y^{W), where T = jo; G C : |a;| = 1}. 

Py'A^) 

Proof: If f e X^{W), there exists y' E Y^{W) satisfying Py/^z{x) 0. Fix y E Y'^(IF) and let a > 0 
be the order oi y — y' in G 2 (i.e., a{y — y') = Ogj, where Ogj is the neutral element of G' 2 ). Let n > 0 
be sueh that a < 2 ” and define the two sequenees {yi)i<i< 2 ^ and (|/•)l<^< 2 " as follows: 

. If 1 < f < a, = 1 / and y' = y'. 

• \f a <i <n, yi = y[ = y'. 

271 2 "^ 

Sinee a{y — y') = Ogj, we have ay = ay' and so ^ yi = ay + (2"' — a)y' = ay' + (2”' — a)y' = ^ ?/■. 

i=l i=l 

By applying Lemma |51 we get 


{PyA^)y{Py'A^)) “ = WPyiA^) = WPy', 

i=l i=l 

= {Py',z{^)f ^ 0 . 


Therefore, Py,z{x) 7 ^ 0. Moreover, 


fPyJ^Y ^ ^ 

\Py',z{x)I 


whieh means that 


PyA^) 

Py'AA 


is a root of unity. Henee 


PyAA 

Py'AA 


E T. 


Lemma 7. If h is * preserved for W, there exists a unique mapping fw '■ D(iy) T such that for 
every {x,z) E XZ(IL) and every ?/i,j/2 G Y^(IL), we have 


PyiAA = fwA, yi - 1 / 2 ) • Py 2 AA- 


Proof: Let {x,y) E D(1L). Let 2 : be sueh that {x,y) E D^(IL) = X (IF) x AY^(IF), and let |/i ,|/2 G 

'D iX) 

Y^(lF) be sueh that yi — y 2 = y- We want to show that ( depends only on {x, y) = {x, yi — 2 / 2 ) 

Py^AA 

and that G T. 

Py2AA 

Suppose there exist z' E Z and y'^ E Y^ (IF) whieh satisfy x EX (IF) and y'l — y 2 = y = yi — f/ 2 - 


We need to show that 


PyiAx) 


Py[,- 


AX 


E T. 


Py2Ax> PyA'A) 

From Lemma[^we have Py^AA ^ 0’ Py 2 ,z{A 7 ^ 0’ Py[,z'iA 7 ^ 0 Py'^^iA 7 ^ 0- On the other hand, 
sinee y-^ + y'^=y 2 + j/(. Lemma [5] shows that Py^AA ' Py'^ziA = Py 2 AA ' Py[,z'iA- Therefore, 


PyiAA ^ PyA'iA |) 
Py2AA Py'^,zPA 


T) {X ] 

where (a) follows from Lemma [ 6 l This shows that the value of G T depends only on (x, y) 

Py2AA 

and does not depend on the choice of z,yi,y2. We conclude that there exists a unique fw{x,y) G T 
such that for every z E Z and every yi,y2 E Y'^(IF) satisfying x E X (IF) and yi — y2 = y, we have 

PyiAA = fwA, y) ■ Py^AA- ■ 
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In the next few lemmas, we will show that if Ji is * -preserved for W, then D(IV) C D(IV ) and 
fw- ■ D{W~) —)■ T is an extension of fw ■ D{W) —)■ T, i.e., fw- and fw agree on D{W). 

Lemma 8. For every MAC W, we have: 

= { 2/1 -1/2 : yi e Y^i(iy ),//2 e Y"2(1Y)}. 

Proof: Let f/i, f/ 2 , ^ 1 , ^^ 2 , Yi, X 2 , Yi, Y 2 , ^ 1 , - 2^2 be as in Remark [U For every vi G G 2 and every 
^ 1 , 2:2 G Z, we have: 

IPvi,Zi,Z2(^i) ^1) ^ 2 ) = ^ IPyi,Y 2 ,Zi,Z 2 (2/1)2/25 2 : 1 , 2 : 2 ) = ^ IPyi,Zi(2/i) 2 ^i)IPy2,^2(2/2, ^ 2 )- 

yi^y2^G2- yi^y2^G2- 

vi=yi-y2 vi=yi-y2 

Therefore, Vi G if and only if there exist 1 / 1 , 1/2 G G 2 sueh that yi G Y^^(IY), y 2 G Y^^(IY) 

and vi = yi — y 2 . Henee, 

^ _y^. Y^^{W),y2 G Y^^(IL)}. 


Lemma 9. For every Zi^Z 2 G Z, every vi G Y*'^^’^^^(1Y ) and every ui G Gi, we have: 

^¥ 11 ^ 1 ( 1^1 + t'2kl)PY2|Z2(l'2k2) 


Pvi,zi,Z2,W~ 


E 


V2&Y^2(W)-. 

di+« 2 GY^i(W) 


IPvi|Zi,Z 2 ('^lkl) ^ 2 ) 


'Pi;i+D 2 ,zi ( 2 ^ 1 ) ‘ Pt) 2 , 2:2 (^ 1 ) • (13) 


Proof: Let f/i, f/ 2 ) Yi, Y 2 , Xi, X 2 , Yi, Y 2 ) Yi, Y 2 be as in Remark [U Fix Zi,Z 2 G Z and ni G 
Y( 2 i- 22 )(py-), |g(- p ^ Fvj^\Zi,Z 2 {vi\zi,Z 2 ) > 0. For every ui G Gi, we have: 

Pvi,zi,z2,w-i'^^) = IPf/i|Vi,Zi,Z2('“i|'^i) ^1) ^ 2 ) = ^IP{/i,yi|^i,^2('*^i) "^iki) ^ 2 ) 


1 


/S 


/S 


/S 


/S 


/S 


IPt/i,t/ 2 ,Vi,Y 2 |Zi,Z 2 ('^l) "*^ 2 , 111 , 1 ^ 2 | 2 :i, Z 2 ) 


'U 2 GG 2 


IP’Xi,X2,Yi,y2|Zi,Z2('*^l + "^2, 112, 1^1 + 1^2, 11212^1, 2 ^ 2 ) 


' 1 ^ 2 ^Gi 

'U 2 GG 2 


E E IPxi,Yi|^i('^l + "^2, Hi + H2 |zi)Px2,Y2|Z2(h2, H 2 IZ 2 ) 


V2£G2 U 2 GG 1 


E E Pxi,Yi|^i('*^l + "^2, Hi + H2|Zi)Px2,y2|Z2('^2, H 2 IZ 2 ) 


D 2 GY"^ 2 (iy): U 2 &G 1 

vi+V2eY^iiW) 


^ Pyi|Zi(Hl +H2|2:i)Py2|Z2(H2|z2) ^ P„i+„2,^i («! + H2K2,22 (“ 2 ) 


V2eY^2{W): 

vi+V2&Y’^i{W) 


U 2 ^Gi 


X] IPyi|Zi(Hl + V2\zi)FY2lZ2iv2\z2)iPvi+V2,z:, * Pi.2,^2 ) («l)) 


V2eY^2(W): 

i>l+i> 2 eY"^l(W) 


where Pv 2 ,z 2 {^) = Pv 2 ,z 2 i~^) for every a: G Gi. Therefore, for every ui G Gi, we have: 

1 Pyi|Zi(Hl + H2|zi)Py2|^2(r;2|z2) ^ \ Y 

Pvi,zi,Z2,W- {'^ 1 ) / ^ -[n, /I \ Pvi+V2,zi{Ui) ' Pv2,Z2\^f) 

V2€^{Wy. '^Vr\Zr,Z2{Vl\ZYZ2) 
vi+V2€Y^i{W) 
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Lemma 10. If h is * preserved for W, then D{W ) C {{x^yi + 1/2) : {x,yi), (^,1/2) £ 0 ( 1 ^)}. 

Proof: Let t/i, t/2, ^"2,-^1,-^2, ^1, ^2,-Z^i,-2^2 be as in Remark [T] Let {ui,vi) G D(kL“). There 

exists = (-21,^2) £ such that {ui,vi) G (bL“), i.e., -ui G (bL“) and vi G AY^ (bL“). 

This implies the existence of v[, v'{ G (bL“) such that vi = v[ — v'{. Since ui G iW~), Lemma |6] 
shows that Pv[,z-,w-{ui) 7^ 0 and Pv'{,z-,w-{ui) 7^ 0. From (fTSl) . we have: 


Pv{,z-,W-\Ul] 


E 


v' 2 GY^ 2 (W): 

v[+v'^GY^i{W) 


+ V2\Zl)^Y^\Z^iv2\z2) 
IPvi|Zi,Z2('^lkl) ^ 2 ) 


Pv'j^+v^yZiiltl) ' Pv'2,Z2 


[uiY 


Since Pv{,z-,w-{ui) 7^ 0 , the terms in the above sum cannot all be zero. Therefore, there exists V2 G 
Y^^{W) such that G Y^i(iy), 7^ 0 and 7 ^ 0 - Similarly, since7^ 

0 , there exists V2 G Y^^(IY) such that v” + V2 G Y^^(IY), Pv'{+v'^,zi{ui) 7^ 0 and Pv'^,z2{ui) 7^ 0 . Therefore, 
we have 

. Ml G x'''(lY) (because 7^ 0 ). 

• Ml + ^2 “ "^2 = ("^1 + '^2) ~ + '^2) ^ AY^^(IY). 

. Ml G x''"(lL) (because P,;',^2 (mi) 7^ 0 ). 

. v'^-v'2 G AY" 2 ( 1 Y). 

We can now see that (mi,Mi + m^ — m^') G D^^(IY) C D( 1 Y) and (mi,M2 — vf) G D^^(IY) C D( 1 Y). By 
noticing that Mi = (mi + m^ — m^') + (m2 — m^), we conclude that: 

D( 1 Y") C {(£,2/1 + 1/2) : {x,yi), (£,1/2) G D( 1 Y)}. 


Proposition 3. If Ji A * preserved for W, we have: 

1 ) BiW-) = {{x,y, + y2): (£, 2/1), (£, r/2) e D( 1 Y)}. 

2 ) For every x,yi,y2 satisfying (£,1/1), (£,1/2) G E)( 1 Y), we /zave 


fw-{x,yi +1/2) = fw{x,yi) ■ /w(£,2/2)- 


Proof: Let Ui,U2,Vi,V2, Xi, X2,Yi,Y2, Zi, Z2 be as in Remark [H We have: 

1 ) Let f, 2/1,2/2 be such that (f, yi), r/2) £ D( 1 Y). There exist 2:1, 2:2 £ > 2 ^, v'nyi ^ Y^^(IY) and 
1/2,1/2 £ Y^^(kF) such that f G X ^{W), x G x'^^(kF), r/i = r/i — y" and 2/2 = I/2 “ 1/2- Lemma 
implies that Py> ^^lix) f 0 , Py"^zi{x) 7^ 0 , Py',Z2{^) 7^ 0 and Py",z2{^) 7^ 0 . Now from Lemma [8] we 
get y[ - y” G and y'l - y'2 e Y^^^’^^\W-). 

For every M2 G Y^^(kF) satisfying y[ — y!^ + M2 G Y^^(kF), we have: 


Py'i-y2+y2,zi 


(£) 


Pv2,Z2 



= Py[,zi{x)fw{x,V2 - y'i) ■ Py-,z2{x)*fw{x,V2 - y'f)* 
= Py{A^)Py'Fz2{x)\ 


where (a) follows from the fact that fw{x,V2 — y'f) G T, which means that 
fw{x,V2 - y'f)fw{x,V2 - y'f)* = \ fw{x,V2 - y'f)Y = 1 - 


( 14 ) 
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Let z = {zi, Z2) G Z'^. From (fT 3 l) . we have: 


Py'i-y 2 ,z ,W (£) 


E 


V 2 €Y^ 2 (W): 

yi-y' 2 '+v 2 eY-i(W) 


(a) 


E 


V2eY^2(W): 

yi-yi'+v2eY-i(W) 


= hi,^i(£)Py'2',^2(£)* 

V2eY^2(W): 

yi-y^'+v2eY^i(W) 

= hi,^l(£W2',^2(£)* + 0, 


^Y^\zAy'l - y'i + V2 \Zi)^Y2\Z2{v2\z2) . 

-^- 7-, -- Py[-y'i+v 2 Ax) ' Pv 2 ,z 2 {x) 

^Vi\Zi,Z 2 \yi ~ 1/2 Ely ^2) 

^Y^\zAy'l - y'i + V2\zi)f>Y2\Z2{v2\z2) . 

-^- ,, », ^ ^ - Py[,z, ix)Py'E ^2 i^) 

^Vi\zi,z2{yi —y2\^iy^2) 


Pyi|Zi(l/l - y'i + V2\Zi)'^Y2\Z2{v2\z2) 

IPvi|Zi,Z2(2/i ~ y2\ziyZ2) 


where (a) follows from (fT4h . This shows that a: G {W ). Now since y[ — 1/2 e {W ) and 
y'i “ ?/2 ^ (^~)> we have {y[ — y'^) — {y" — 1/2) G Therefore, 

(£, yi + 2/2) = {x, y[ - y'i + 2/2 - y'i) = {x, (2/i - y'i) - {yi - 2/2)) G D( 1 Y"). 

Hence, {(£,2/1 + 2/2) : {x,yi), (a:, 2/2) G D(fF)} C D( 1 Y“). We conclude that 

D(VF“) = {(x, 2/1 + 2/2) : (x,2/i), (x,2/2) G D(iy)} 

since the other inclusion was shown in Lemma [TOl 

2 ) Let X, 2/1,2/2 be such that (x, 2/1), (x, 2/2) G D( 1 Y). Define y'^,yi,y'2,y'i, zi, Z2 as in 1 ). We have 
shown that (x) = Py[,zi{x)py'^,z2{x)*■ Similarly, we can show that Py”-y'^,zuz2,w-i^) = 

Py'{,zi{x)Py'^,z2{x)*. Therefore, 

fw- {x, 2/1 + 2/2) = fw- {x, y'l - yi + 2/2 - 2/2) = fw- {x, {y[ - y'i) - {yi - 2/2)) 

_ Pj/l-J/2 >2“,VV-(^) _ Py[,zi{x)py'^,z2{x) _ fw{x,yi) 

Py"-y 2 ,zi,z 2 ,W-{x) Py",zi{x)Py'^,z 2 {x) /w(a:, 2/2)* 

= fw{x,yi) ■ fw{x,y2), 

where (a) follows from the fact that fw{x,y2) ■ fw{x,y2)* = \fw{x,y2)\‘^ = 1- 


Corollary 1. If polarization ^-preserves h for W, then D( 1 Y) C D(fF ) and fw-{x,y) = fw{x,y) for 
every {x,y) G D(fF), i.e., fw- is an extension of fw- 

Proof: Let (x, y) G D( 1 Y). There exists z & Z and yi, y2 G Y^(IY) such that y = 2/1 —2/2, Pyi,z{x) 7^ 0 
and py2,z{x) 0 . Since 2/1 G Y^(IL), we have 0 = 2/1 — 2 /i G AY^(IY). Therefore, we have (x, 0 ) G D(iy) 

and fw{x, 0) = = 1. 

Pyi,z{x) 

Since (x,2/) G D( 1 Y) and (x, 0 ) G D( 1 Y), Proposition [ 3 ] implies that (x,2/) G D( 1 Y“) and fw-{x,y) = 
fw{x,y) ■ fw{x, 0 ) = fw{x,y). ■ 

In the next few lemmas, we show that if polarization ^-preserves A for W, then D{W) C D{W~^) and 
fw+ ■ D{W~^) — T is an extension of fw ■ D{W) -E T. 

Lemma 11. For every 2/1,2/2 G G2 and every Zi^Z2 G Z, we have: 
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. lf{yi,zi) ^ YZ{W) or {y2, Z2) ^ YZ{W), then {y2, zi, Z2,ui,yi-y2) ^ YZ{W+) for every ui E Gi. 
• If {yi, zi) E YZ{W) and (1/2, Z2) E YZ{W), there exists ui E Gi such that (1/2, zi, 2:2, yi — 2/2) £ 

Yzlw+). 

Proof: Let Ui, U2, Vi, V2, Xi, X2, Yi, Y2, Zi, Z2 be as in Remark [U For every ui E Gi, every yi, y2 E 
G 2 and every 2:1,2:2 E Z, we have: 

^V2,Zi,Z2,Uiyi{y2, zi, Z2,ui,yi - y2) = ^ IPc/2,V2,^i,^2,c/i,Vi(m2, I/2, ^1, ^2, 2 /i - 2/2) 

U 2 ^Gi 

= ^ IPxi,X2,yi,V2,^i,^2('*^l + "*^2, M2, 2/1, 1/2, 2^1, 2:2) 

= ^ ^Xi,Yi,Zi{Ul + U2,yi, Zi) ■Fx2,Y2,Z2i'>^2,y2, Z2). 

U2GG1 

Therefore, we have: 

. If (2/1,2:1) ^ YZ(iy) or (222,2:2) ^ YZ(IL), then for all Ui,U2 E Gi, we have Pxi,Yi,Zi(mi + 
U2,yi,zi) < FYi,Zi{yi, zi) = 0 or Px2,Y2,^2(“2, 2/2, ^2) < Py 2,Z2(2/2, 2^2) = 0, whieh means that 
Pv2,^i,^2,[/i,Vi(2/2,2:i,2:2,mi,2/i-2/2) = 0 . Henee (2/2, 2:1, 2:2, 2/i-2/2) ^ YZ(iy+) for every G Gi. 

. If (221,2:1) e YZ(IL) and (222,2^2) e YZ(IY), then Py^,z^(i2i, 2:1) > 0 and Py2,z2 (222, 2^2) > 0 . This 
means that there exist a;i,a;2 E Gi sueh that Pxi,Yi,Zi(a:i, 22 i, ^1) > 0 and Px2,Y2,^2(^2, 2/2, 2:2) > 0 . 
Let Ml = xi - 0:2 and U2 = X2. We have Pxi,Yi,Zi(mi + U2,yi,Zi) ■ Px2,Y2,Z2(“2, 2/2, 2^2) > 0 , whieh 
implies that Pv2,zi,z2,1/1,^1(222, zi, 2:2, mi, 22i - 2/2) > 0 henee (222, 2:1, Z2, mi, 2 /i - 2/2) e YZ( 1 L+). 


Lemma 12. Let 27 i, t72, Li, V2, Yi, Y2, Yi, Y2, ^1, ^2 be as in RemarkUl For every (m 2, 2:1, Z2, ^i, Mi) E 
YZ( 1 L+), we have: 


Pi;2,2i,2:2,ni,i)i,W/+ (^2) ''f ^ 


U 2 ^G\ 


P-i;i+-i;2,2i ('^ 2 ) ' Pv2,Z2{b2 ^ 2 ) ^j2TT(u'^,ui) 

\Gi\a{uYZYZ 2 ,Vi,V 2 ) 


(15) 


where aiui, zi, Z2 ,vyV2) = Pf/i|Zi,Z2,Vi,y2(“ikY ^2, t^i,'^’2). 


Proof: For every (^2, 2^1,1^2, ^i, Mi) E YZ( 1 L+) and every U2 E G2, we have: 

Pv 2 ,zi^Z 2 ,ui^vi^\V'^ {,'0^2') ^U 2 \V 2 ,Zi,Z 2 ,Ui,Vi{'^‘ 2 \v 2 , Zi, Z2, Ml, Mi) 

_ Pi/i,i/2|Zi,Z2,yi,y2('^i)'^2|^i,^2,Ml,M 2 ) 
Pt/i|Zi,Z 2 ,Vi,y 2 ('^lkl) ^2, Ml, M 2 ) 

_ Pxi,x:2|Zi,Z2,yi,y2('^i + '^ 2 , M2|^i, ^ 2 , mi + M 2 , M 2 ) 
a(Mi,Zi,Z2,Mi,M2) 

_ Pxi|Zi,yi(Mi + M 2 |Zi,Mi + M 2 )Px 2 |Z 2 ,Y 2 ('^ 212 : 2 , M 2 ) 
q;(mi,Zi,Z2,Mi,M2) 

_ Pvi+V 2 ,Zl (^1 Y M2)Pi,2,^2 (^ 2 ) 

a(Mi,Zi,Z2,Mi,M2) 


Therefore, 


Pv 2 ,Z1,Z2,U1,V1, w+(b 2 ) — 


1 ^ (Pvi+v2,zi(u2)eFY^^,^i)J * p „ 2 ,^ 2 (« 2 ) 

a(Mi,Zi,Z2,Mi,M2) 

Eu'eCi Pvi+V2,zAu2)G^"'^^'^’'"^'>Pv2,Z2{u 2 - u'f) 


|Gi|a;(Mi,Zi,Z2,Mi,M2) 


E 

"UoGGi 


Pvi+V2,zi{f,2) ' Pv2,Z2iY2 ^j2-K{u'^,u-i_) 


\Gi\a{ui, Zi, Z2,vi,V2) 
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Lemma 13. Let {yi^zi), {y 2 ,Z 2 ) € YZ{W) and x G Gi. If there exists ui G Gi such that 

X] Vyuziiu) ■Py^,z 2 {x - ^ 0, ( 16 ) 

"uGGi 

then we have: 

. (|/2, e YZ(iy+), w/iere = (^i, ^2, l/i - I/2). 

. £gX"^( 1 Y+). 

Proo/- Let f/i, ( 72 , Ll, 14 , Xi, X2, Yi, Y2, ^1, ^2 be as in Remark [B Let vi = yi + 2/2 and ^2 = 2/2- 
Notice that the expression in (fT^ is the DFT of the mapping 77 : Gi — )■ C defined as 


K{x) = |Gl| ■ + x) ■Py2,Z2{x). 

(fT^ shows that K is not zero everywhere which implies that K is not zero everywhere. Therefore, there 
exists X G Gi such that K{x) 7^ 0 . We have: 


^Pv2,Zi,Z2,[/i,Vi('f^2, zi, Z2, Ml, Ml) > Pi7i,i72,yi,y2,^i,^2 a:, 2/1 — 2/2,2/2, z\, Z2) 

PXi,X2,Yi, 121^1,^2 (^1 T a:, X, 2/1, 2/2; -^l; Z2) 

= Pxi,Yi,Zi(mi + X, 2/1, ^i)Px2,y2,Z2(a^) ?/ 2 ) 2:2) 

= Pyi,Zi(2/l, 2:i)Pyi,^i(Ml + a:) • PY2,Z2(y2, Z2)Py2,Z2(x) 

Kix) (a) 

= Pyi,Zi(2/i) ^ii) • Pv2,Z2(y2, Z 2 ) ■ I > 0, 

where (a) follows from the fact that 2/1 G Y^'^iyV), 2/2 e Y^^(IL) and K{x) > 0 . We conclude that 
(m 2, 2:1, 2:2, Ml, Ml) G YZ( 1 L+) and so we can apply (fTSl) to (m2, 2:1, ^2, Mi, Mi): 


Pv 2 ,Zl,Z2,Ul,Vl,W'^ 


X] 


{a) 


"uGGi 


Pyi,zi{u) ■ Py2,Z2{^ ^j2iT{u,ui) 

|Gi|q;(mi,2;i,^2,Mi,M2) 


(b) 

^ 0 , 


where (b) follows from (fT^ . Therefore, Py2,z+,w+{x) 7^ 0 , where = (2:1,2:2 ,mi, 2/1 — 2/2)- Therefore, 
xgX^^(1Y+). ■ 


Proposition 4. Suppose that polarization ^-preserves Ji for W. We have: 

1 ) {(xi+X 2 , 2 /): (xi, 2 /), (x 2 , 2 /) e D( 1 L)} C D( 1 Y+). 

2 ) For every xi,X2,y satisfying (xi, 2 /), ( 72 , 2 /) ^ D(bL), we have 

fw+{xi + 72 , 2 /) = / w ( 7 i , 2 /) • fw{x2,y)- 

Proof: Let ( 7 i, f/2, Yi, Y2, Xi, X2, Yi, Y2, Yi, Y2 be as in Remark [TJ 
1 ) Suppose that 7i,72,2/ satisfy ( 7 i, 2 /), (72,2/) ^ D( 1 Y) and let 7 = 7 i + 72. There exist 211,2:2 G Z, 
2/1,2/1 G Y^^iW) and 222,2/2 ^ Y^^(IY) such that 
. 7 i G X^'(bL) and y = - y[. 

• X2 G X^^(IY) and 2/ = 2/2 - 2 / 2 - 

Lemma [i implies that Pj;i, 2 i( 7 i) 7^ 0 , Pj^/, 2 j( 7 i) 7 ^ 0 , Py2,z2ix2) 7 ^ 0 and Py'^,z2{x2) 7^ 0 . 

Let Ml = 2/1 — 2/2 = 2/1 ~ 1 / 2 ’ ^2 = 2/2 and m^ = 2/2- Define the mapping L : Gi —)■ C as 

L(m) =Pj;i,^i(*) •P?/ 2 .Z 2 ( 7 -m). 

We have: 7 /( 7 i) = Pyi,^i( 7 i) ■ Py2,z2{^2) 7^ 0 . Therefore, the mapping L is not zero everywhere, 
which implies that its inverse DFT is not zero everywhere. Hence there exists Mi G Gi such that: 

PyuzAu) ■ py^,z2{x - fz 0 . 

u^G\ 
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It follows from Lemma [T 3 ] that (712, z~^) G YZ( 1 L+) and x G X {W^), where z"*" = {zi, Z2, ui, vi). 
If we ean also show that G YZ( 1 L’'') we will be able to eonelude that {x,y) G D( 1 Y’'') 

sinee y = V2 — V2. We have the following: 

• ^Ui,Zi,Z2,Vi{ui, Zi, Z2,Vi) > ¥v2,Zi,Z2,Ui,Vi{v 2, Zi, Z2,Ui,Vi) > 0 sinee {v2, z~^) G YZ( 1 Y’''). 
Henee, 

IP( 7 i|Zi,Z 2 ,yi('Wlkl, 2 ^ 2 , ■J^l) > 0 . 

• ^V2,z,,Z2yi{v2,^i,^2,vi) = Pri,Zi.y2,^2(2/1,^ 1 , 2 / 2 ,2:2) > 0 sinee y[ G Y^^{W) and y'^ G Y^^{W). 

Thus, 

^Pv 2 |Zi,Z 2 ,Vi('^ 2 kl) ^ 2 , > 0 . 

But Ji is preserved for W, so we must have /(t/i; Y2|Z'iZ2Vi) = 0 . Therefore, 

P{/i,y2|^i,^2Ti(Mi, ^2,'Wi) = P;7 i|Zi,Z2Ti('*^i|^ 1) ^2,'Wi) ■ Py2|^i,^2Ti('f^2ki) ^ 2 , "yi) > 0. (17) 

We eonelude that Py2,Zi,z2,!7i,Vi('^2; -^2,xi) > 0 and so {v2.,z'^) G YZ( 1 Y+). Henee, {x,y) G 

D( 1 Y'''). We eonelude that (xi +X2,|/) G D( 1 Y+) for every xi,X2,y satisfying (xi,7/), (x2,2/) G 
D( 1 Y). Therefore, 

{(xi + X2,2/) : (xi,7/),(x2 ,2/) GD(iy)} cD(iy+). 

2 ) Suppose that xi,X2,y satisfy {xi,y), {x2,y) ^ D(iy) and let x = xi + X2. Let 

yi,y2,y'i,y2jVi,V2,V2,zi,Z2,z^ be defined as in 1 ) so that V2,V2 G Y^+( 1 L+), y = V2 - 

^ Z~^ ■ 

and X G X ( 1 L+). Lemma implies that Pv2,z+,w+i^) 7^ 0 and pv!2,z+,w+i^) 7^ 0 . Now sinee 
{x,y) = (x, X2 — V2) G D( 1 L+), we have: 

Pv2,zi,Z2,ui,vi,W+{^) ~ Pv2,z+,W+{^) ~ fw+i^iV) ' Pv2,z+,W+{^) 

fw^^iYiV') ' Pv 2 ,zi,Z 2 ,ui,vi,W'^ 

Define F : Gi —)■ C and F' : Gi —)■ C as follows: 

^K) = Pyi,z,{u) ■ Py2,Z2{x - 


^'K) = • Py’ 2 ,^ 2 {x - 

For every u'^ G Gi, we have the following: 

/V, 2o taI 111 

• If F{u'i) z/z 0 then (x2, ;i;i, 2:2, '^i) G YZ( 1 L+) and x G X ’ ’ ’ ( 1 L+) by Lemma [T3l By 

replaeing ui by u'^ in (fTVl) . we ean get (x^, 2:1, 2:2, ^i, ^1) G YZ( 1 L+). Therefore, 

P'V 2 ,zi,Z 2 ,u'i,vi,W'^^^') fw'^i^^yV') ' Pv 2 ,zi,Z 2 ,u'i,vi,W'^ ( 18 ) 

We have: 

^K) = Pyu^ii^) ■ Py 2 ,z 2 ix - u)eFY^’^'i) 


uGGi 


IG"! I * (y.(u -^, Z \, Z‘2 ^, V \, '^‘2^Vv2',z\^Z2-,u'-^-,v\ (^) 

{p) ^ii \^ i„Y„y „ „ /x,\ i fZi. 

7 / /TI Gi |cr(M]^, Zi, ^2, Xi, V2)Pv'.2,zi,Z2,u'^,vi \^)JW+\^yy) 

'^15 '^2 5 ^1 5 ^2/ 

P(7i|zi,z2,yi,y2 WkiY2,'yi,i^2) 2 .. \Tz'/ 

= ^- Tzfw+{x,y)F (xj 

Pc/i|Zi,z2,yi,y2('*^iLi) ^2,1^1, '^ 2 ) 

= /w+(^, 2 /)P''K), 
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where (a) and (e) follow from (fTSl) . (b) follows from (fTSl) and (d) follows from the faet that 
I{Ui,V2\ZiZ2Vi) = 0 . Therefore, F'{u[) ^ 0 and F{u[) = fw+{x,y)F’{u[). 

• If F{u[) = 0 then we must have F'{u'i) = 0 (beeause F'{u[) ^ 0 would yield F{u’i) 7^ 0 in a 
similar way as before, a eontradietion). Therefore, we have F{u\) = 0 = fw+ix,y)F'{u[). 

We eonelude that for every u[ E Gi, we have 

F{u[) = fw+{x,y)F'{u[) = fw+{x,y) ■ Py[,zAu) ■ Py'^,z2{x - _ (^9) 

uGGi 

Now define g : Gi x G2 ^ C as follows: 


9 {F,y') = 


fw{£',y') if{x',y')ED{W), 

0 otherwise. 


( 20 ) 


For every x' E Gi, we have: 

. If Py,,zi{x') 7^ 0 then Py[,zi{x') 7^ 0 (by Lemma [6l) and Py,,z,{x') = fwix',yi - y'i)Py[,zi{x') = 

9 {x',y)Py[,zi{x'). 

• If Pyi,^i(x') = 0 then Py'^,z:,(,x') = 0 (by Lemma [b]) and so Py^,zAF) = 0 = g{x',y)py'^^;,^{x'). 
Therefore, for every x' E Gi we have Py^,zi{x') = g{x',y)py/^^zi{x'). Similarly, Py2,z2{x') = 
g{x',y)py'^^^^{x') for all x' E Gi. Henee, 




^(“i) = Py^xiiu) ■ Py2,z2{x - u)F 

= Y 9iFy)Py[,zAF) ■ g{x - u,y)py'^^^^{x - _ 


( 21 ) 




We eonelude that for every e Gi, we have: 

Y [fw+{x,y)-g{u,y)g{x-u,y) = F(m;) - F(m;) = 0 , (22) 


uSGi 


where (a) follows from (fT9l) and (l2TI) . Notiee that the sum in (l22l) is the inverse DFT of the funetion 
iL : Gi —)■ C defined as: 


K{u) = |Gi| • fw+{x,y) - g{u,y)g{x-u,y) 


Py[,zAU) ■ Py'^,Z2{X - u) 


Now (I 22 I) implies that the inverse DFT of K is zero everywhere. Therefore, K is also zero 
everywhere. In partieular, 

k{xi) = |Gi| ■ fw+{x,y) - g{xi,y)g{x2,y) Py[,zAk) ■ Py'^,z2{x2) = 0 . 

But Py'^^zAk) A 0 andpj^/_^2(^2) A 0, so we must have fy^+[x,y) -g[xx,y)g[x2,y) = 0. Therefore, 

fw+{x,y) = g{xi,y)g{x2,y) = fw{xi,y) ■ fw{x2,y)- 


Corollary 2. If polarization ^-preserves h for W, then D(IF) C D(iy’'') and fw+{x,y) = fw{.x,y) for 
every {x,y) E D(IF), i.e., fw+ is an extension of fw- 

Proof: For every {x,y) E D(IF), there exists z E Z and yi,y2 E Y^(IF) sueh that x E X^(IF) and 
y = yi — 2/2- Lemmaimplies that Py^^A^) A 0 and Py2,zix) A 0 - We have: 

Pyuz{^) = Y = Y = 1 ^ 0 . 

xgGi xgGi 
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Similarly, Py2,z{^) = 1 7^ 0 . Therefore, we have 0 G X.^(W) and y G AY^(iy). Henee, ( 0 ,?/) G D(IY) 

and fw{0, y) = = 1- 

P?/2,A0) 

Sinee {x,y) G D( 1 Y) and ( 0 ,?/) G D(iy), Proposition | 4 ] implies that {x^y) G D(hP+) and fw+{x,y) = 
fw{x, y)fw{0, y) = fw{x, y). ■ 

The next proposition gives a necessary condition for the ^-preservation of Ji: 

Proposition 5 . If polarization ^-preserves Ji for W, then fw can be extended to a pseudo quadratic 
function. 

Proof: Define the sequence (lT„)„>o of MACs recursively as follows: 

. Wo = W. 

• Wn = if n > 0 is odd. 

• Wn = Wn_i if n > 0 is even. 

For example, we have IVi = lY", W2 = W^-’+K lYg = W^-’+’-K W4 = ... 

It follows from Corollaries [T] and [ 2 ] that: 

• The sequence of sets (is increasing. 

• fwn is an extension of fw for every n > 0. 

Since is increasing and since Gi x G2 is finite, there exists no > 0 such that for every 

n > no we have T){Wn) = D{Wnf) for all n > no. We may assume without loss of generality that no is 
even. Define the following sets: 

. Hi = {x\ 3 y, {x,y) G D( 1 V„J}. 

• For every x G H4, let Hi = {y. {x,y)eI)iWno)}. 

• H 2 = {y. 3 £, {x,y) eJdiWnfj}. 

• For every y ^ H2, let Hf = {x: (x,?/) G D(HAJ}. 

We have the following: 

• For every fixed y ^ H2, let X1,X2 G Hi so {xi,y),{x2,y) G P>{Wnf) C D(hFno+i). Therefore, it 
follows from Proposition | 4 ] that {xi + X2,y) G D(hF++J = D(IFno+2) = ^{Wnf} which implies that 
xi - 1 - £2 G Hf. Hence Hi is a subgroup of (Gi, +). Moreover, we have: 

fwr^S^i + X2,y) = /w„o+2(£i + X2,y) = + ^2,1/) 

- fWng + l{Xl,y) ■ fWng + l{X2,y) - fwnoi^i^y) ' /w„o(^2,2/), 

where (a) and (c) follow from corollaries [U and [ 2 ] and (b) follows from Proposition | 4 l Therefore the 
mapping x fw^^ix^y) is a group homomorphism from {Hi, +) to (T, •). 

• For every fixed x G Hi, let yi,y2 e iTf so (x, |/i), (x, 7/2) G D{Wno)- Therefore, it follows from 
Proposition | 3 ] that {x,yi + 1/2) G D(IF’^) = D(IIA,(,+i) = D(IFnp) which implies that |/i +1/2 G iFf. 
Hence i/f is a subgroup of (G2, +). Moreover, we have 

fw„o + ^2) = fw„^+i (x, yi +1/2) = /ly- (£, yi + 1/2) 

- fw„Q {x,yi) ■ fw„Q (^, 1 / 2 ), 

where (a) follows from corollary [T] and (b) follows from Proposition [ 3 j Therefore the mapping 
y fwr,Q{x,y) is a group homomorphism from (iff, +) to (T, •). 

We conclude that fw,,^ (which is an extension of fw) is pseudo quadratic. ■ 

Proposition [ 5 ] shows that if polarization ^-preserves Ji for W then W must be polarization compatible 
with respect to the first user. 
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For the sake of simplicity and brevity, we will write “polarization compatible” to denote “polarization 
compatible with respect to the first user”. 


C. Sufficient condition 

In this subsection, we show that polarization compatibility is a sufficient condition for the *- 
preservability of Ji. 


Lemma 14. Tf kF : Gi x G2 —> Z is polarization compatible then Ii is preserved for W. 


Proof: Let F : D —T be the pseudo quadratic function of Definition | 9 l Suppose that ?/i, ?/2, yf 2/2 G 
G2 and zi,Z2 & Z satisfy: 

• yi-y2 = y'i- 2/2- 
. 2/1,2/; eY^i(iy) and 2/2,2/' eY^^(lF). 

For every f e Gi, we have: 

. If {x,zi) ^ XZ(kF) then Py^,zi{x) = 0 and Py[,ziix) = 0 , so 

Pyi,^iix)py^,z2{xy = Py[,zyx)py>^^,yxy = o. 

. If {x,Z2) ^ XZ(IF) then Py2,z2i^) = 0 and Py'^,z2{^) = 0 , so 

vyuzAx)py^^^yxy = Py[,zyx)py>^^^yxy = o. 

. If {x,zi) e XZ(kF) and (£, X2) G XZ(IF), then 


Pyi,zyx)py^,,yxy = Py'^^^yx)F{x,yi - y[)py:^^,yxyF{x,y2 - yy* = Py[,zyx)py:^^,yx) 


where (a) follows from the fact that yi — y[ = 222—2/2 so F(a;, 2/1 — y'i)F{x,y2 — yf)* = 
\F{x,yi -2/'i)P = 1. 

Therefore, we have Pyi,zi{x)Py2,z2{xy = Py[,zi{x)py>^,z2{^y for ^ ^ Gi. Lemma| 2 ]now implies that Ji 
is preserved for kF. ■ 


Lemma 15. If W : Gi x G2 —> Z is polarization compatible then W is also polarization compatible. 


Proof: Let f/i, [/2, Fi, F2, Xi, X2, Yi, Y2, ^'i, Z2 be as in Remark [T] Let F : F —)■ T be the pseudo 
quadratic function of Definition | 9 l 

Let ('Ui,f) G D(kF“). There exists 2:“ = (2:1, ^2) G Z"^ such that Ui G X"^ (fF“) and v G AY^ (fF“). 
We have: 

• Since ui G X^ (fF“), there exists vi G Y^ (fF“) such that Pvi,z-,w-{.'Ui) y 0 . From (fT 3 l) . we have: 


Pvi,z-,W-\^l) 


D 2 GY^ 2 (W): 

i)i+«2GY^i(W) 


IPyi|Zl(r'l + V2\Zi)¥ Y2\Z2y’2\z2) 
IPyi|Zi,Z 2 ('^iki) ^2) 


'Pvi+V2,Zl(,1^l) ' Pv 2 ,Z 2 \^l} 


Since Pvi,z-,w-{ui) y 0 , the terms in the above sum cannot all be zero. Therefore, there exists 
V2 G Y^^(kF) such that ^1 + ^2 G Y^^(kF), py^+y2,zi{ui) y 0 and p„2,^2(“i) 7 ^ 0 - Hence, ui G x''^(kF) 
and fii G X^'(IF). 

• From Lemma [8] we have Y"" (kF“) = Y^^{W) — Y''^(kF) which implies that AY'" (kF“) = 
AY^i(kF) - /SY^yW). Now since v G AY^'(kF-), there exists 2/1 G AY^i(kF) and 7/2 G AY^^fkF) 
such that f = 2/1 — 2/2- 
We conclude that 


and 


(fii, 2 /i) G X''(IF) X AY^i(IF) = D"i(kF) C D(kF) C F>, 
(fii, 2 / 2 ) G x"'(kF) X AY^ 2 (kF) = D^yW) C D(kF) C D. 
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Therefore, {ui,v) = {ui,yi —1/2) G -D sinee D is a pseudo quadratie domain. Sinee this is true for every 
{ui,v) E D(fT“), we eonelude that D(iy“) c D. 

Now let {ui,z~) E XZ{W~) (where 2;“ = {zi,Z2) E Z‘^). We have shown that Ui E X^^{W) and 
Ml e X'\W) and so G XZ{W) and (*1,^2) G XZ{W). Fix yi E Y^^{W) and 2/2 G Y^^(W). For 

every v[ E Y^ iW~), we have: 


Pv[,z-,W-{ui) 

^Yi\Zi{v[ + V2 \zi)'Py2\z^{v2\z2 ) . 


v[+v!2£Y^-I-{W) 


(a) 


(b) 


'Pv[+V2,ziiui) ' Pv2,Z2i.'^l) 

\ ^ 1^1 (^1 “f '^2 l^l)^V2|Z2 (”^2 1 ^ 2 ) ^ f\ T7l> \ ' ^ Py2, 22 (^ 1 ) 

v[+v'2Ey^i{W) 

^ ^ N* + 1 ^ 2 kl)^Pv 2 |Z 2 ('^ 2 k 2 ) ' I ' ' 1 ^ 

PyuzA'^i) ■ Py2,z2y^i) i- rT\ -^-F(mi,Mi + M2-2/i-M2 + 2/2) 


i;^GY^ 2 (iy): 

<+«^GY"^i(W) 


^ , ,1 PyiI^iK +^^ 2 kl)PY 2 |Z 2 (^^ 2 k 2 ) 

= Pyi,zAUi) ■ Py2,z2['^i) ■ F[ui,v^-yi + y2) > -^^- 


v'2EY=^2{W): 

„> -l_,i' cV^l (W\ 


= PyuzAui) ■Py2,Z2{uiY ■ F{ui,v[ - 2 /l +I/2), 

where (a) follows from the polarization eompatibility of W and from the faet that F(mi, M2~2/2) G T whieh 

implies that F(mi,M2 — 2/2)* = -;- 7 - (b) follows from the faet that the mapping y -E Fiui,y) 

F(Mi,M^- 1 / 2 ) 

is a group homomorphism from {HY{D), +) to (T, •). Therefore, for every v[,Vi E Y^ we have: 

Pv[,z~,W~ (^1) Pyi,zi (l^l) ■ Py2,Z2 (^l) ' F(^Ui, 2 /l T 2/2) 

= Pyi,zi{Ul) ■ Py2,Z2{UlT ■ F{ui, v'l -yi+y2+v[- v") 

= PyuzAui) ■Py2,Z2{uiT ■ F{ui,v'l -yi + y2) ■F{ui,v[ - v'l) 

= Pv'{,z-,w-i^A ■ F{ui,v'^ -vD- 

Henee, Pv[,z-,w-{ui) = F{ui,v'^ — v'l) ■ Pv”,z-,w-{ui)- We eonelude that W~ is polarization eompatible. 


Lemma 16. IfW:GixG 2 


Z is polarization compatible then is also polarization compatible. 


Proof: Let Ui,U2,Vi,V2, Xi, X2,Yi,Y2, Zi, Z2 be as in Remark [T] Let F : D —T be the pseudo 
quadratie funetion of Definition 

Let {u2,v) E D(kF+). There exist = {zi, Z2,ui,vi) E Z^ sueh that U2 E xA (kF+) and v E 
AY^^( 1 L+). We have: 

• Sinee M2 G X (kF+), there exists V2 E Y^ (kF+) sueh that Pv2,z+iu2) A 0 - From (fT5l) we have 

^ (Z \ — XZ P^i+^2,zi{u2) ' Pv2,Z2i'^2 - U' 2 ) i2n(u'.„ui) 

Pv2,zi,Z2,ui,vi,W+\^2) / ^ 1 /^ 1 / \ ^ ’ 

\Gi\a{ui,Zi,Z2,Vi,V2) 

1^2 ^Cti 


Sinee Pv2,zi,z2,ui,vi,w+{'^2) A 0 ^ there must exist u'2 E Gi sueh that p„^+„2,zi(“2) Y 0 p„2,^2(“2 — 

u'2) A 0 - Therefore, u'2 E X^^(fF) and (m2 — u'2) E X^^(kF). 

• Sinee v E AY^^(kF+), there exist M2,M2 G Y^^(kF+) sueh that v = v'2 — v'f Now Lemma fTTl 
implies that mi + m^ G Y^^W), v'2 E Y^^W), vi + v'l E Y^A^) and v'l E Y^^(iy). Therefore, 
v = {vi + v'2) - (Ml + v'l) E AY^i(lY) and v = v'2 - vl E AY^ 2 ( 1 Y). 
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We conclude that 

{u'^,v) e 1 C\W) X = D"i(lY) C D(iy) C D 


and 

(m 2 - e x"\w) X AY"^(iy) = D^ 2 ( 1 Y) C D( 1 Y) C D. 


Now since D is a pseudo quadratic domain, we have {u2,v) = {u'2 + {u2 — ^2),^) G D. We conclude 
that D(iy+) C D. 

Now let {u2.,z^) G XZ( 1 Y+), where = (zi, 2:2, Ui) G Z^. For every V2,V2 G Y^'^( 1 Y+), we have 
Vi+ V2E Y^^(IY), V2 G Y^^(IY), Vi + V2 G Y^^(IY) and V2 G Y^^(iy) from Lemma [Uj Therefore, 


Pi;',2+,W+(w2) — 21,22 ,«i,-!)i,W+(w 2 ) — ^ 


(a) 


E 

^2 - 
u'^er\w), 


Pvi+v'^,zA'^ 2) ' Pv2,Z2i'^2 '^ 2 ) ^j2w(u'^,ui) 

, |Gl|a(Ml,Xi,X 2 ,t^l,t^ 2 ) 

Pi;i+i>^, 2 i('» 2 ) 22(^2 — ^'2) ^j2-K{u'^,ui) 

\Gi\a{Ui, Zi, Z2 ,Vi,v'2) 


(fe) Pi;i+i;'',2i(m2)-^(^2^ '^2 " ^^2) ' Vv ' iA^2 - u ' 2 ) F { u2 - U2 , V2 " ^ 2 ) j2n { u '^, ui ) 


E 

U2 ■ 

«' 2 GX" 1 (W), 


|Gi| ■ lP[/i|Zi,Z2,Vi,y2('Wiki) ^ 2 , vi, V 2 ) 


U2-u'2€X"‘^ (W) 


(c) 


Pui+Do ,21 (^2) ' Pv2 ,Z2{^2 U2) 


-F{u'2 + U2-u'2.v'2-v'i)-e^^-^^>^'^ 


- 77 ^ l^il ■ IPc/i|Xi,X 2 ,yi,V 2 ('“iki)^2,'^ 1,^^2 


= F{u2,v'2-v'1) ^ 


Pvi+v7zi{u2) ■ Pv”,Z2 {u 2 U2) ^j2iT(u'o,ui) 


uL GGi 


|Gl| • P!7i|Zi,Z2,yi,V2('“lkl! ^2, Vi, V. 


— F{u2',V2 V2)Pv'^,zi,Z2,ui,vi,W+{'^2) — F[u2.,V2 V2)Pv'^ ,z+,W+{'^2) j 

where (a) follows from the fact that Pvi+v'2,ziiu2) = 0 if u'2 ^ X^^(iy), and Pv'2,z2{'^2 — u'2) = 0 if 
(u2 — u'2) ^ X^^(IY). (b) follows from the fact that W is polarization compatible, (c) follows from the 
fact that F is pseudo quadratic and the fact that Ui is independent of Y2 conditionally on {Zi,Z2,Vi) 
(the polarization compatibility of W implies that Ji is preserved for W by Lemma [T4l) . Therefore, for 
every v'2,v'2 G Y^ {W^), we have Pv'2,z+,w+{u2) = F{u2,v'2 — v'2) ■ Pv'7z+,w+{u2). We conclude that iy+ 
is polarization compatible. ■ 


Proposition 6. If W is polarization compatible then polarization ^-preserves Ii for W. 

Proof: Suppose that W is polarization compatible. Using Lemmas [I 5 ] and (T^ we can show by 
induction that lU* is polarization compatible for every s G { — ,+}*• Lemma [T4l now implies that A is 
preserved for lU^ for every s G {—,+}*• By applying Lemma [H we deduce that polarization ^-preserves 
h for lU. ■ 

Propositions [ 5 ] and [ 6 ] show that polarization ^-preserves A for W if and only if W is polarization 
compatible. This completes the proof of Theorem [H 


D. Special cases 

The characterization found in Theorem [T] (i.e., polarization compatibility) takes a simple form in the 
special case where Gi = G2 = Fg for a prime q: 

Proposition 7. Let fU : Fg x Fg — > Z and {X,Y) Z. Polarization ^-preserves hfor W if and only 
if there exists a G Fg such that I{X + aY ]Y\Z) = 0. 
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Proof: If polarization ^-preserves Ji for W then W is polarization compatible. Let F : D —)■ T be 
the pseudo quadratic function of Definition We have the following: 

• If there exists (f, y) £ D such that f 7^ 0 and y 7^ 0 then D = x Fg since D is a pseudo quadratic 
domain and since q is prime. 

• If for all (x, y) e D we have either x = 0 or ?/ = 0 , then F(x, y) = I for every (x, y) G D. Hence 
the mapping F' : Fg x Fg —)■ T defined as F'{x,y) = 1 is an extension of F which preserves the 
pseudo quadratic property. 

Therefore, we can assume without loss of generality that F = Fg x Fg. Now since F(l,l)'^ = F(l,g- 1 ) = 
F(l, 0 ) = 1 , F(l, 1 ) is a root of unity. Therefore, there exists a G Fg such that F(l, 1 ) = . 

Fix z E Z and |/i, 1/2 G Y^{W). For every x G Fg we have 

PyiA^) = Py2,z{x) ■ F{x,yi - 1/2) = Py2A^) ' 

which is equivalent to say that for every x' G Fg, we have Py^^z{x') = Py2,z[x' + a{yi — 2/2)), i-e., 

^x\Y,z{^'\yi,z) =^x\Y,z{^' + a{yi -y2)\y2,z). ( 23 ) 

By applying the change of variable x' = x — ayi, we can see that (l 23 l) is equivalent to 

'Px+aY\Y,z{x\yi,z) = Fx\y,z{x - ayfyi, z) = Fx\Y,z{x'\yi, z) 

= ^x\Y,zix' + a{yi -y2)\y2,z) = Fx\Y,zix - ayi + a{yi - y2)\y2, z) 

= Fx\Y,zix - ay2\y2, z) = Fx+aY\Y,z{x\y2, z). 

We conclude that polarization ^-preserves Ji for W if and only if X+aY is independent of Y conditionally 
on Z,i.e., I{X+ aY-,Y\Z) = 0 . ■ 

Corollary 3 . Polarization ^-preserves the symmetric capacity region for the binary adder channel. 

Proof: Let X and Y be two independent uniform random variables in { 0 , 1 }, and lei Z = X + Y G 
{ 0 , 1 , 2 } (where + here denotes addition in M). It is easy to check that I{X®Y ; Y\Z) = I{X®Y]X\Z) = 
0 . Therefore, polarization ^-preserves Ji and I2 for W. We conclude that polarization ^-preserves the 
symmetric capacity region for kF. ■ 

Remark 4 . It may seem promising to try to generalize Proposition 0 to the case where Gi = Fg and 
G2 = Fg by considering the condition I{X + AY ; FlZ) = 0 for some matrix A G Fg^k It turns out that 
this condition is sufficient for the *-preservability of Ii but it is not necessary. 

Proposition 8. If \Gi\ and IG2I tire co-prime and {X, Y) Z, then polarization ^-preserves G for W 
if and only if I{X]Y\Z) = 0 (i.e., if and only if the dominant face of J{W) is a single point). 

Proof: It is easy to check that if IGil and IG2I are co-prime, then every pseudo-quadratic function 
f -. D must be equal to 1 , i.e., f{x,y) = 1 for all {x,y) G D. Therefore, polarization ^-preserves G 

for W if and only if py^^^ix) = Py2,z{x) for every (x, z) G XZ(IF) and every yi, 7/2 G Y^{W). 

Now since pyi,z{x) = py2,z{x) = 0 for every x ^ X (IF) and every yi,y2 G Y^(IF), we conclude that 
polarization ^-preserves G for kF if and only if Py^G^) = py2,zG) every {x,z) E Gi x Z and every 
2/1,2/2 e Y^(kF). This is equivalent to say that py^Gx) = Py2G^) every (x, z) E GiX Z and every 
2/1,2/2 £ Y^(kF). This just means that X and Y are independent conditionally on Z. ■ 

IV. Generalization to multiple user MACS 

Definition 11 . Let W ■. Gi x ... x Gm —^ Z. For every S C { 1 ,..., m}, we define the two-user MAC 
kFs : G5 X Gs- —> Z as Ws{y\xs, xsG = kF {y\xi,..., x^). 

Remark 5 . It is easy to see that for every s E { —, +}* and every S' C { 1 ,... ,m}, we have (kF^)^ = 
(kF^)^. Therefore, polarization ^-preserves G for W if and only if polarization ^-preserves G for Wg. 
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Theorem 2 . Let W : Gi x ... x Gm —> Z. Polarization ^-preserves Is for W if and only if Ws is 
polarization compatible. 

Proof: Direct corollary of Theorem [T] and Remark [51 ■ 

V. Discussion and Conclusion 

The necessary and sufficient condition that we provided is a single letter characterization: the mapping 
fw can be directly computed using the transition probabilities of W. Moreover, since the number of 
pseudo quadratic functions is finite, checking whether fw is extendable to a pseudo quadratic function 
can be accomplished in a finite number of computations. 
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